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Abstract—This paper presents an approach, Spectral
Dynamics Embedding Control (SDEC), to optimal control
for nonlinear stochastic systems. This method leverages
an infinite-dimensional feature to linearly represent the
state-action value function and exploits finite-dimensional
truncation approximation for practical implementation. To
characterize the effectiveness of these finite-dimensional
approximations, we provide an in-depth theoretical analysis
to characterize the approximation error induced by the
finite-dimension truncation and statistical error induced by
finite-sample approximation in both policy evaluation and
policy optimization. Our analysis includes two prominent
kernel approximation methods-truncations onto random
features and Nystrom features. Empirically, our algorithm
performs favorably against existing stochastic control al-
gorithms on several benchmark problems.

Index Terms— Stochastic nonlinear control, reinforce-
ment learning, dynamic programming

[. INTRODUCTION

Stochastic optimal nonlinear control—i.e. finding an opti-
mal feedback policy to maximize cumulative rewards for a
stochastic nonlinear system—has been a long-standing chal-
lenging problem in control literature [1], [2]. Various con-
trol techniques have been developed for nonlinear control,
including gain scheduling [3], [4], feedback linearization [5],
iterative linear-quadratic regulator [6], sliding model con-
trol [7], geometric control [8], back stepping [9], control
Lyapunov functions [10], model-predictive control [11], and
tools that leverage inequality approximation and optimization-
based methods like sum-of-squares (SOS) programming [12].
Nonlinear control often focuses on the stability of closed-loop
systems, while control optimality analysis is often heuristic
or limited to special classes of systems. Moreover, these
methods either lead to highly suboptimal solutions, can only be
applied to a subclass of nonlinear systems that satisfy special
conditions, or require a large amount of computation and thus
cannot handle large-size problems.

To take advantage of the rich theory and tools developed
for linear systems, kernel-based linearization has recently
regained attraction. The representative approaches includes
Koopman operator theory [13], [14], kernelized nonlinear reg-
ulator (KNR) [15], reproducing kernel Hilbert space (RKHS)
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dynamics embedding control [16], and optimal control with
occupation kernel [17], among others. The Koopman operator
lifts states into an infinite-dimensional space of known mea-
surement functions, where the dynamics become linear in the
new space. However, depending on the system itself, possible
coupling nonlinear terms between state and control would still
appear. Alternatively, KNR [15] studies the sample complexity
of learning control for an unknown nonlinear system whose
dynamics are assumed to lie in a pre-given RKHS whose
dimension can be infinite, and hence are linear with respect
to the feature maps for states and actions but neglect the
computation challenges induced by the infinite dimension
and the nonlinear features. [16] considers Markov decision
processes (MDP) and represents the conditional transition
probability of a MDP in a pre-defined RKHS so that calcu-
lations involved in solving the MDP could be done via inner
products in the infinite-dimensional RKHS. [17] introduce the
Liouville’s equation in occupation kernel space to represent
the trajectories, with which finding the optimal value can be
reformulated as linear programming in the infinite-dimensional
space under some strict assumptions.

Although kernelized linearization has brought a promising
new perspective to nonlinear control, these representative
approaches fall short in both computational and theoretical
respects. Computationally, control in an infinite-dimensional
space is intractable. Hence, a finite-dimensional approximation
is necessary. Though data-driven computational procedures
for kernel selection and RKHS reparametrization have been
proposed in these existing methods, they are inefficient in the
sense that i), the dynamics or trajectories are presumed to be
lying in some RKHS with a pre-defined finitely-approximated
kernel, which is a very strict assumption; in fact, finding good
kernel representations for the dynamics is a challenging task;
and ii), the dynamics information for kernelization is only
exploited through samples, and other structure information in
the dynamics are ignored even when the dynamics formula
is known explicitly. Meanwhile, theoretically, the optimality
of control with finite-dimensional approximations—i.e., the
policy value gap between the finite-dimensional approximation
and optimal policy in an infinite-dimensional RKHS—has
largely been ignored and not been rigorously analyzed.

Recently, [18] provided a novel kernel linearization method,
spectral dynamics embedding, by establishing the connec-
tion between stochastic nonlinear control models and lin-
ear Markov Decision Processes (MDPs), which exploits the
random noise property to factorize the transition probability
operator, and induce an infinite-dimensional space for linearly
representing the state-action value function for any arbitrary



policy. Spectral dynamics embedding bypasses the drawbacks
of the existing kernel linearization methods in the sense that i)
the kernel is automatically induced by the system dynamics,
which avoids the difficulty in deciding the kernel features,
utilizes the knowledge of the dynamics and noise model
and eliminates the modeling approximation induced by a
predefined kernel; and ii) the kernel linearization and its finite
feature approximation is computational-friendly with well-
studied performance guarantees [19], [20]. The superiority of
spectral dynamics embedding has been justified empirically in
the reinforcement learning setting [18] where system dynamics
are unknown. However, there still lacks any end-to-end control
algorithm with theoretical guarantees that utilizes the finite-
dimensional approximation of spectral dynamics embedding,
motivating the present work.

Our contributions. In this paper, we close the gap by justi-
fying the finite random and Nystrom feature approximation of
spectral dynamics embedding in nonlinear control rigorously,
enabling the practical usage of the kernelized linear represen-
tation in control. Our contributions lie in the following folds.

We first formalize a computational tractable stochastic non-
linear control algorithm with finite-dimension truncation of
spectral dynamics embedding representation, Spectral Dynam-
ics Embedding Control (SDEC). Specifically, we first extract
the finite-dimensional spectral dynamics embedding through
both Monte-Carlo random and Nystréom approximations as
explained in Section III-A, and then, we conduct the dynamic
programming for value function estimation upon these repre-
sentations through least square policy evaluation. The policy
is improved by natural policy gradient for optimal control
based on the obtained value functions. The concrete algorithm
is derived in Section III-B. We note that the particular way
of policy evaluation and policy update is actually compatible
with cutting-edge deep reinforcement learning methods, such
as Soft Actor-Critic [21], by using our proposed representation
to approximate the critic function. In other words, one of the
novelties of SDEC is that it exploits the known nonlinear
dynamics to obtain a natural, inherent representation space
that could be adopted by various dynamical programming or
policy gradient-based methods for control.

To characterize the effectiveness of these finite-dimensional
approximations, we provide an in-depth theoretical analysis
to characterize the approximation error induced by the finite-
dimension truncation and statistical error induced by finite-
sample approximation in both policy evaluation and policy
optimization. To the best of our knowledge, the analysis is
the first time this has been done, due to the challenging
complications in stochastic nonlinear control. Specifically, we
show the gap between optimal policy and the SDEC induced
policy is inversely proportional to a polynomial dependency
w.r.t. number of features and the number of samples used in
dynamic programming. Lastly, we conduct a numerical study
on several robotic control problems to justify our theoretical
analysis in Section V.

We also would like to note that the preliminary work has
been published in [22]. This paper has several key differ-
ences with the conference version in [22]. First, this paper
has more detailed proofs and more exposition to motivate

the results. Second, this paper includes study of the use of
Nystrom features in the kernel approximation, which was
not considered in [22]; moreover, we prove a novel high
probability kernel approximation error bound for Nystrom
features (Lemma 11), which may be of independent interest.
Third, we prove theoretical justification of the validity of two
core technical assumptions key to our analysis (Assumptions 2
and 3), which is an important contribution over the conference
version in [22], where these assumptions were merely assumed
to be true. Finally, this paper has a significantly more fleshed
out numerical section, with results on more challenging bench-
marks such as 2D Drones, Pendubot balancing, and Cartpole,
and comparisons to energy-based control as well as standard
Soft-Actor-Critic [21], a state-of-the-art RL algorithm. Our
performance metrics include quantitative as well as qualitative
evaluation.

A. Related Work in Reinforcement Learning (RL)

Presumably, recently developed model-free deep RL meth-
ods for unknown systems, e.g., [21], [23], could be also
applied to optimal nonlinear control by treating the nonlinear
dynamics as a generative or simulation model to generate data.
The success of deep RL is largely attributed to the flexibility
of deep neural networks for policy or value function modeling.
However, such flexibility also brings difficulty in control by
making the optimization extremely non-convex, and thus, may
lead to sub-optimal policy, wasting the modeling power.

Though our proposed SDEC shares some similar aspects of
actor-critic family of algorithms in RL, in the sense that SDEC
also exploits policy improvement (actor) with state-action
value function estimation (critic). However, we emphasize
the major difference is that SDEC takes advantage of the
spectral dynamics embedding for both state-value function
and policy, instead of an arbitrary network parameterization.
This not only reduces sample complexity by exploiting the
known nonlinear dynamics structure but also bypasses the non-
convexity difficulty in optimization, allowing us to provide
rigorous theoretical guarantees with only mild assumptions.
We note that while our work builds on the concept of linear
MDPs [24], such linear MDPs merely refer to MDPs whose
transition admits a linear factorization, which is distinct from
the linear programming formulation of solving MDPs [25],
[26].

Il. PROBLEM SETUP AND PRELIMINARIES

In this section, we introduce the stochastic nonlinear control
problem that will be studied in this paper and reformulate
it as a MDP. We will also briefly introduce the background
knowledge about reproducing kernel Hilbert space (RKHS)
and random features.

A. Stochastic Nonlinear Control Problem in MDPs

We consider the standard discrete-time nonlinear control
model with y-discounted infinite horizon, defined by
St+1 = f(st,at) + €, Where € ~ ./\/'(0,0'2Id)7 (1)
such that v € (0,1), s € S = R? is the state, a € A is the
control action, and {e;},-, are independent Gaussian noises.

The function f(-,-) : S x A — & describes the general
nonlinear dynamics, and 7 : S X A — R gives the reward



function on the state and action pair. Without loss of generality,
we assume there is a fixed initial state sy. Given a stationary
policy 7 : S — A(A) with A(A) as the space of probability
measures over A, the accumulated reward over infinite horizon

is given by o
J"=Ep [Z Vr(st, at):| ) 2)

t=0
where the expectation is w.r.t. the stochastic dynamics P(s(t+
1) | s(t),a(t) and the (possibly random) policy 7= which we
use to choose the actions a(t) ~ (- | s(t). In this paper, we
study the optimal control/planning problem which is to seek
a policy 7* that maximizes (2), given the dynamics f and the
reward function r. Note that the nonlinearity of f and r, as
well as the stochasticity from e makes this optimal control

problem difficult as reviewed in the introduction.

The above stochastic nonlinear optimal control problem can
also be described via Markov Decision Process. Consider an
episodic homogeneous-MDP, denoted by M = (S, A, P, r,~),
where P (+|s,a) : S x A — A(S) describes the state transition
distribution, where A(S) denotes the space of probability
measures on the set S. Then, the stochastic nonlinear control
model (1) can be recast as an MDP with transition dynamics

ATV
P(s'|s,a)  exp (_7||f(s,a)2 : H2> . 3)
20
Meanwhile, given a policy 7 : S — A(A), the corresponding
Q™ -function is given by
Q" (5:0) = s [ S r(stan)fso = san =a . @

It is straightforward to show the Bellman recursion for Q™ or
optimal @Q*-function, respectively,

Q" (s,a) =r(s,a) + vEp [V (s)] ©)
Q') =r(s.) + B [ max @' ()| . ©

with V7(s) := E; [Q7 (s, a)]. Equivalently, the accumulated
reward J™ is V™ (sg). The goal can be reformulated as seeking
the optimal policy 7* = argmax, V7™ (so).

For an MDP with finite states and actions, optimal control
can be obtained by solving dynamic program for the Q-
function via the Bellman relation (6). However, for continuous
states and actions, representing the Q-function and conducting
dynamic programming (DP) in function space becomes a ma-
jor issue for obtaining the optimal policy. In this paper, we will
introduce spectral dynamics embedding, a novel kernelized
linearization, to linearly represent the (Q-function, and develop
a practical and provable method to learn and approximate the
optimal control policy.

B. Positive definite kernels, its decompositions, and
connection to RKHS

In this section, we will introduce the necessary background
to understanding our proposed kernel embeddings. We first
define what a positive definite (PD) kernel is, and introduce
two decompositions of PD kernels.

Definition 1 ((Positive-Definite) Kernel [27]). A symmetric
function k : X x X — R is a positive-definite kernel on the
non-empty set X if Vn > 1, Y{ai}icn) C R and mutually
distinct sets {x;}icfn) C X, 3 i) 2ojeqn) wisk(zi z5) 20,
where the inequality is strict unless {a;};c[n)’s are all zero.

A bounded, continuous PD kernel k admits two important
decompositions, namely the Bochner decomposition [28] and

the Mercer decomposition [29]. We begin with introducing the
Bochner decomposition.

Lemma 1 (Bochner [28]). If k(z,2") = k(x—2a') is a positive
definite kernel, then there exists a set ), a measure p(w) on
Q, and Fourier random feature 1, (z) : X — C such that

k(z,2") = Ep) [t (@) Y ()] - @

It should be emphasized that the 4, (-) in Bochner de-
composition may not be unique. The Bochner decomposition
provides the random feature [30], which is applying Monte-
Carlo approximation for (7), leading to a finite-dimension ap-
proximation for kernel methods. For example, for the Gaussian
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kernel, k(z,z’) = exp <—| 5 , the corresponding p(w)
is a Gaussian proportional to exp (*M) with ¢, (x) =
exp (—iw' x) where i is the imaginary unit; for the Laplace
kernel, the p (w) is a Cauchy distribution with the same ,,(-).
Please refer to Table 1 in [31] for more examples.

An alternative but also useful decomposition for positive
definite kernels is Mercer’s decomposition, stated below!.

Lemma 2 (Mercer [29], [32]). Let X C R% u be a strictly
positive finite Borel measure on X, and k(x,x’) a bounded
continuous positive definite kernel. Then there exists a count-
able orthonormal basis {e;}5°, of La(p) with corresponding

1=

eigenvalues {0;}2,,> such that
k(z,a') = oiei(@)ei(a’), ®)
i=1

where the convergence is absolute and uniform for all
(z,2") € X x X. Without loss of generality, we assume
012022"'>0.

While analytical formulas of the Mercer decomposition
exist for special kernels such as the Gaussian kernel [27],
for general kernels they can be difficult to obtain analytically.
Thus, it is common in the literature to approximate the Mercer
features numerically, e.g., Nystrom method [33].

In addition, there is a one-to-one correspondence between
PD kernels and Reproducing Kernel Hilbert Spaces (RKHSs).
We first formally define the RKHS.

Definition 2 (Reproducing Kernel Hilbert Space [34]). The
Hilbert space H of an R-valued function® defined on a non-
empty set X is said to be a reproducing kernel Hilbert space
(RKHS) if for all x € X, the (linear) evaluation functional
given by L, : f — f(x) for any f € H is continuous.

Next, we state the following classical result, which states a
one-to-one correspondence between RKHS and PD kernels.
Lemma 3 (RKHS and PD kernels [34]). Suppose H is a RKHS
of {f : X = R}. Then, there exists a unique positive definite
kernel k : X x X — R where k(x,-) € H for every x € X,
that satisfies the reproducing property, i.e. for every f € H,

'We note that under the conditions set forth in Lemma 2 (especially the
finiteness of the measure p), it can be shown using [32] that the Mercer
expansion also holds for unbounded X C R%.

2Given a probability measure p defined on X C R9, we denote Lo (p) as
the set of functions f : X — R such that [, (f(z))?du(z) < cc.

3We recall that a Hilbert space is an inner product space that is also a
complete metric space with respect to the distance induced by its inner product

('7>'H'



f(@) = {f, k(x,))n, where (-, )3 denotes the inner product
in H (recall any Hilbert space has an inner product).

Conversely, for any positive definite kernel k : X x X — R,
there exists a unique RKHS Hy of functions f : X — R
for which k is the reproducing kernel. Moreover, given any
z,y ek, <k(1‘, ')7 k(ya ')>7‘£k = /C(J?, y)

We emphasize that any inner product, unless taking the form
(-, ), for some RKHS Hy, does not refer to an RKHS inner
product. Indeed, we only need the concept of RKHS when
proving the approximation error for Nystrom features.

I1l. CONTROL WITH SPECTRAL DYNAMICS EMBEDDING

In this section, we first introduce spectral dynamics em-
bedding [18], a novel kernelized linearization, by which the
Q@-function for arbitrary policy can be represented linearly,
therefore, the policy evaluation can be conducted within the
linear space. This is significantly different from existing kernel
linearization methods, which are designed for linearizing the
dynamic model. We then propose the corresponding finite-
dimensional approximated linear space for tractable optimal
control. Specifically, we execute dynamic programming in the
linear function space constructed by the spectral dynamics
embedding for policy evaluation, upon which we improve the
policy with natural policy gradient. This leads to Spectral
Dynamics Embedding Control (SDEC) in Algorithm 1.

A. Spectral Dynamics Embedding

As we discussed in Section II, we have recast the stochastic
nonlinear control model as an MDP. By recognizing the state
transition operator (3) as a Gaussian kernel, we can further
decompose the transition dynamics and reward in a linear
representation, in two ways. The first utilizes the Bochner
decomposition, as presented below.

Lemma 4 (Bochner linear representation, cf. Proposition 2 in
[22]). Consider any a € [0,1). Denote 6, = [0,0,1]T,

@w,b (S’a) = [ww,b(saa)vr(sva)] , where )
s,a w'
Yo p(s,a) = ga(fa(d ))cos< #ff )+b> (10)
te b (87) = pals)cos(V/1 — a2w' s’ +b), O]T
where go, (f(s,

2 2
a)) == exp (% ,w o~ N0, 1),
b ~ U (0, 27]) = Unif([0,27]) and po(s’) =
(27”‘;‘2)(1/2 exp | — lo QUQH ) is a Gaussian distribution for s' with
standard deviation % Then,
P(S/|57a) =E N./\f(O ild) b~ U ([0,27]) [¢w7b(sza)—rﬂw,b(s/)}

—<¢wb S a) wa >N(0 1 Id)XU([O 27r]) (113)

T8O =En (0. 1) b (0.20) [t Tor]
= (9w p(s @), 9T>/\/(o,(%21d) xU([0,2x])
Proof. The representation of reward (s, a) through ¢, (s, a)

is straightforward since we explicitly include r(-) in ¢, ;(+)
For P(s'|s,a), we first notice that Vo € (0,1), we have

/ 2
P(s’|87(l) X exp <_||5_2fa(‘297a)”)

(11b)

o] (H“a“s/f(&@\f)
= exp (f 52 )exp - 57 (1a?)

exp( ?lf (s, a>\|2>.

2(1— 042)0'2 (12)

The factorization of the transition P(s’|s,a) in (11a) can
thus be derived from the property of the Gaussian kernel
by applying Lemma 1 to the second term in (12), with the
¢w,p(+) and py, 5(-) as the random Fourier features of Gaussian
kernel. O

The ¢, (-) is named as the Bochner Spectral Dynamics
Embedding. We emphasize the decomposition in [18] is a
special case of in (11) with a = 0. The tunable « provides
benefits for the analysis and may also be used to improve em-
pirical performance, as seen in our empirical simulations. We
note that another linear representation ¢ (s,a) € ¢5,* which
we will name as the Mercer Spectral Dynamics Embedding,
is possible via the Mercer decomposition of the kernel, as
described below.

Lemma 5 (Mercer linear representation). Let u denote a

strictly positive Borel measure on S, and denote ko (x,2') =
2 72

(=a)llz=a'|I” a < 1. By Mercer’s

20
theorem, k. admits a decomposition for any (z,2') € X:

E 0'7,61

We denote ka( x, ') = (é(x),é(z'))s, where &;(x) =
Voiei(x) for each positive integer 4. Denote 0, =
[1,0,0,...]7 € 3 (and the same go (f(s,a)) and p,(s') as
in Lemma 4), and

exp (— ) for any 0 <

), {ei} a basis for La(1).

¢]\/[ (S,G) = [T(sva)awM (8,(1)], where (14)
T
bar(s,a) = L2 (‘);f;’a))é ({(_S’Zg) , (15)
() = pals) [0, ()] (16)
Then,
P(SI‘&G) :<¢M(Sva)7ul\/f(5/)>lg (17a)
T(Sva) :<¢Z\J(Sva)79r,M>f2 (17b)

Proof. The {)roof is analogous to the proof of Lemma 4, where
here we apply Mercer’s theorem to decompose the middle term

in terms of the kernel &,
(1- 012) s — f(s,a) 2
k (Sl f(s,a)) —exp | - 1—a2
a "1—a?2 202
|1 —a?)

exn [ — s’ —f(s,a)”2
P 202(1 — a?) '

Remark 1. In the proof of our kernel approximation result for
the Nystrom method later (Lemma 11), for technical reasons
it is easier to work with k. (as defined in the statement of
Lemma 5) rather than k. Since the Nystrom method is an ap-
proximation of the Mercer decomposition, we also decompose
ko in Lemma 5.

The MDP with the factorization either in (11) or in (17)
shows that we can represent the stochastic nonlinear control

4The ¢5 space is the set of square-summable infinite-dimensional vectors
v indexed by the positive integers, such that ||v||§2 =3"2,v? < 0.



problem as an instantiation of the linear MDP [24], [35],
where the state transition and reward satisfy

P(Sl‘s’ (Z) = <¢(5a a)v:u(sl» ) T(Sv a) = <¢(57a)’ 0>
with the feature functions ¢(s,a) be either {¢,, ,(s,a)} with
w ~N(0,2514) ,b~ U([0,27]) or ¢rr(s,a) € £2. The most
significant benefit of linear MDP is the property that it induces
a function space composed by ¢(s,a) where the Q-function
for arbitrary policy can be linearly represented.
Lemma 6 (cf. Proposition 2.3 in [24]). For any policy, there
exist weights {07 ,} (where w ~ N'(0, 214),b ~ U([0,27]))
and 0%, € Uy such that the corresponding state-action value
function satisfies’

Q" (s,a) = <¢"~’»b(s’a)’9£>b>N(O,%Id)><U([O,27r])
= <¢M(Sva)7971{/[>g2 .

Proof. Our claim can be verified easily by applying the
decomposition in (11) to Bellman recursion:

Q"(s,a) = r(s,a) +1Ep [V (s)]

= (Buslsa) 047 [ pust)V(dpals)),
o

= (o5, O+ [ 1mas (VT pa (1)

67\'
M

where the second equation comes from the random feature
decomposition and the third equation comes from the Mercer

decomposition. O

(18)

Immediately, for the stochastic nonlinear control model (1)
with an arbitrary dynamics f(s,a), the spectral dynamics
embeddings ¢, ,(-) and ¢pr(-) provides a linear space, in
which we can conceptually conduct dynamic programming
for policy evaluation and optimal control with global optimal
guarantee. However, compared to the existing literature of
linear MDP ( [24], [35]) that assumes a given linear factor-
ization with finite dimension ¢, both the Bochner and Mercer
Spectral Dynamics embedding decomposes general stochastic
nonlinear model explicitly through an infinite-dimensional
kernel view, motivating us to investigate the finite-dimensional
approximation.

B. Control with Finite-dimensional Approximation

Although the spectral dynamics embeddings in Lemma 4
and Lemma 5 provide linear spaces to represent the fam-
ily of Q-function, there is still a major challenge to be
overcome for practical implementation. Specifically, for the
Bochner random feature embedding, the dimension of @, ()
is infinite with w ~ N (0,2313) and b ~ U([0,27]),
which is computationally intractable. Similarly, for the Mercer
embedding, the dimension of ¢p/(-) € ¥ is also infinite.
For the random feature embedding, [18] suggested the finite-
dimensional random feature, which is the Monte-Carlo approx-
imation for the Bochner decomposition [30], and demonstrated
strong empirical performances for reinforcement learning. For

SWe note that these inner products refer to the inner product defined in
Equation 11 and the standard /2 space inner product respectively, and not
any RKHS inner products.

(0,25 1) xU([0,27])’

Algorithm 1: Spectral Dynamics Embedding Con-
trol (SDEC)

Data: Transition Model s’ = f(s,a) + & where
e ~N(0,021;), Reward Function 7(s,a),
Number of Random/Nystrom Feature m,
Number of Nystrom Samples nnys = m,
Nystrom Sampling Distribution pinys, Number
of Sample n, Factorization Scale «, Learning
Rate 7, Finite-Truncation-Method
€ {"Random features’, 'Nystrom’}
Result: 7
Spectral Dynamics Embedding
Generation
1 Generate ¢(s,a) using Algorithm 2
Policy evaluation and update
2 Tnitialize 6y = 0 and mo(als) o< exp(¢(s,a) bp).
3fork=0,1,---, K do
Least Square Policy Evaluation
4 Sample i.i.d. {(si,as,s;),a;}icin) Where
(8iyai) ~ Vnys 85 = f(si,0;) + € where vy, is the
stationary distribution of g, € ~ N(0,0%1),
ai ~ m(sh).

5 Initialize 0 = 0.
6 fort=0,1,--- ;T —1do
7 Solve

Wg,¢41 = argmin
w

{Zie[n] (6(ss,a:) Tw — r(si,a:) — vo(sh, a;)kaﬁt)z}
8 (19)
9 end

Natural Policy Gradient for Control
10 Update 01 = 0 + ny,r and

mir1(als) o exp(d(s,a) "Op11).  (20)

11 end

the Mercer embedding, a well-known method to derive a
finite-dimensional approximation of the Mercer expansion is
the Nystrom method [33], which seeks to approximate the
subspace spanned by the top eigenfunctions in the Mercer
expansion by using the eigendecomposition of an empirical
Gram matrix. Compared to random features, it is known
that the Nystrom method can yield tighter approximation of
the kernel when the kernel eigenvalues satisfy certain decay
assumptions [36], motivating us to study and compare both
finite-dimensional truncations.

In this section, we first formalize the Spectral Dynamics
Embedding Control (SDEC) algorithm, implementing the dy-
namic programming efficiently in a principled way as shown
in Algorithm 1, whose theoretical property will be analyzed
in the next section. In Spectral Dynamics Embedding Con-
trol (SDEC), there are three main components,

1) Generating spectral dynamics embedding (Line 1 in Algo-
rithm 1, which calls Algorithm 2 as a subroutine.) To gen-
erate the spectral dynamics embedding, we consider either
using random features as a finite-dimensional truncation of



Algorithm 2: Spectral Dynamics Embedding Genera-
tion

Data: Same data as Algorithm 1

Result: ¢(-,-)

if Finite-Truncation-Method = ’Random features’ then

—

2 Sample i.i.d. {wi}ie[m] and {b; };c[m) Where
wi ~ N (0, 2514), b; ~ U([0,27]) and construct
the feature
ga(f(sva)) |: ( T f(S,(l) ):|
vt (8, a)="————= |cos | w;, ———= +b;
T i—a )]
3 (21)
Set ¢(57 a) = [wrf(sa a)7 T(57 a)}
4 else if Finite-Truncation-Method = ’Nystrom’ then
5 Sample n,ys random samples {1, ..., Tnys}
independently from S following the distribution
HNys-
6 Construct nyys-by-nnys Gram matrix given by
K 1o (o)

7 Compute the Eigendecomposition K ("»)U = AU,

with A\; > ... > A, denoting the corresponding
eigenvalues.
8 Construct the feature

nnyq
wnys(s a [ga(f 5 a/

adV/x, ZUZ tka < ))] .

9 (22)
Set ¢(s,a) = [tnys(s,a),r(s,a)]

end

the Bochner random features, or the Nystrom method as a
finite-dimensional truncation of the Mercer features.

o Random features. Following Lemma 4, we construct
finite-dimensional ¢ by Monte-Carlo approximation,
building ¢ = [tha,, p,]7%1, Where w; ~ N (0, 1) and
b; ~ U(]0,27]). We then concatenate .+ with 7 to form

. ﬁlystrﬁm features. At a high level, we use the Nystrom
method [33] to obtain the Nystrom feature decomposition
of Ea(,-) ~ @nys(*) ¢nys(-) for some wuys(-) € R™
by drawmg Nnys random samples iid from a sampling
distribution fi,,y over the state space S, where the sam-
pling distribution can be specified by the user, and in our
analysis is chosen to be p, (note we always choose m <
Nnys) and then working with the eigendecomposition of
the corresponding Gram matrix; we derive and motivate
the Nystrom method in greater detail in Appendix VI-B
of our supplement [37]. Then, noting that

() o (12)

echoing the Mercer decomposition in Lemma 5, we set
g&(f(sza)) f(s,a)
wnys(s»a) = ad $Pnys (17&2) 3
which can be viewed as a finite-dimensional truncation
of the Mercer feature in (15). We specify the exact form
of ¢nys(+) in (50) of Appendix VI-B, which results in
the feature 1,y in (22) of Algorithm 2.
2) Policy evaluation (Line 4 to 9 in Algorithm 1). We conduct
least square policy evaluation for estimating the state-action
value function of current policy upon the generated finite-

dimensional truncation features. Specifically, we sample®
from the stationary distribution v, (s,a) from dynamics
under current policy 7 and solve a series of least square
regression (19) to learn a Q™ (s,a) = ¢ (s,a)’ w™, with
w™ € R™*! by minimizing a Bellman recursion type loss.
3) Policy update (Line 10 in Algorithm 1). Once we have the
state-value function for current policy estimated well in
step 2), we will update the policy by natural policy gradient
or mirror descent [38]. Specifically, we have the functional
gradient of accumulated reward w.r.t. a direct parameteri-
zation policy 7 as V,J™ = -v" (s) Q" (s,a), where
V™ (s,a) denotes the stationary distribution of 7. At ¢-
iteration, we estimated the Q™ (s,a) with ¢(s,a) w™,
we have the mirror descent update [39] for 7 as

t+1 (mr™ (5) 6(s,0) Tw™ ) + KL (xl )

m = argmax
w(-[s)EA(A)

leading to the following closed-form solution,
7 (a]s) o< mi(als) exp (¢ (s, a)—r nwﬂt)

= exp (¢ (s,a) ‘9t+1)
where 6,1 = Z’;:O nw™, giving the update rule in (20).
Once the finite-dimensional spectral dynamics embedding has
been generated in step 1), the algorithm alternates between
step 2) and step 3) to improve the policy.

Remark 2 (Policy evaluation and update). We note that
although SDEC uses the least square policy evaluation and
natural policy gradient method for the policy update, the
proposed dynamic spectral embedding is compatible with
other policy evaluation and policy update methods, including
cutting-edge deep reinforcement learning methods, such as
Soft Actor-Critic [21], by using our proposed representation
to approximate the critic function. In other words, one of the
novelties of SDEC, is that it exploits the known nonlinear
dynamics to obtain a natural, inherent representation space
that could be adopted by various dynamical programming or
policy gradient-based methods.

Remark 3 (Beyond Gaussian noise). Although SDEC mainly
focuses the stochastic nonlinear dynamics with Gaussian
noise, the Nystrom feature is clearly applicable for any
transition operator. Moreover, we can easily extend the ran-
dom feature for more flexible noise models. Specifically, we
consider the exponential family condition distribution for the
transition [40], i.e.,

P(s/|s, a) x p(s/) exp (f (s, a)T ¢ (s/)) , (23)
The transition (23) generalizes the noise model in the tran-
sition in two-folds: i), the noise model is generalized beyond
Gaussian to exponential family, which covers most common
noise models, e.g., exponential, gamma, Poisson, Wishart, and
so on; and ii), the nonlinear transformation over ¢ (s') also
generalize the dynamics. The random features for (23) are
derived in Appendix VI-A.

IV. THEORETICAL ANALYSIS

The major difficulty in analyzing the optimality of the
policy obtained by SDEC is the fact that after finite-
dimensional truncation, the transition operator constructed

6Qur analysis also assumes that we sample exactly from vy (s, a), but in
practice, we can only approximately sample from this distribution, which may
incur another source of error.



by the random or Nystrom features is no longer a valid
distribution, i.e., it lacks non-negativity and normalization,
which induces a pseudo-MDP [41] as the approximation.
For inAstance, in general, for the random features, the
term P(s/]5,a) = L 571 G, (f(5,0)) pruns, () with
{wi,bi}ity ~ N (0,07214) x U([0,27]) may be negative
for some values of s’ and (s,a). As a consequence, the
value function for the pseudo-MDP is not bounded, as the
normalization condition of the transition operator no longer
holds. Then, the vanilla proof strategy used in majority of the
literature since [42], i.e., analyzing the optimality gap between
policies through simulation lemma, is no longer applicable.

In this section, we bypass the difficulty from pseudo-MDP,
and provide rigorous investigation of the impact of the approx-
imation error for policy evaluation and optimization in SDEC,
filling the long-standing gap. We first specify the assumptions,
under which we derive our theoretical results below. These
assumptions are commonly used in the literature [24], [38],
[43], [44].

Assumption 1 (Regularity Condition for Dynamics and Re-
ward). [|f(s,a)| < ¢, and r(s,a) < ¢, for all s € S,a €
A. For the ease of presentation, we omit the polynomial
dependency on cy and c, and focus on the dependency of
other terms of interest.

Assumption 2 (Regularity Condition for Feature). The fea-
tures are linearly independent.

Assumption 3 (Regularity Condition for Stationary Distribu-
tion [44]). Any policy 7 has full support over A. In addition,
for any policy w, the discounted stationary state distribution
d™ has full support over any region in S on which an optimal

policy ©* is supported, and the discounted stationary state-
action distribution v™ satisfies the following conditions:
Omin <]Eu,r [d)(sv a)¢(57 a)T}) > T17 (24)
Omin (IEI/7r |:¢(37 a’) (¢(S7 a) - ’YIEIIW¢(SI’ a/))T]) 2 T27 (25)

where Y1, Yo > 0, and owmin(+) denotes the smallest singular
value of a matrix.

Assumption 1 is an assumption that holds whenever the state
space is compact. In the case of unbounded state spaces, given
the ability to design rewards, the boundedness of || f(s,a)l|
is more difficult to ensure. However so long as we are in
the fairly reasonable scenario where ‘the value function is 0
outside of a bounded set, this assumption on the boundedness
of ||f(s,a)|| can be seen to no longer be necessary. To see
why, suppose that the value function V7 (-) function for any
policy 7 1s O outside of a bounded set Sy C S; this is a fairly
representative scenario since for many problems, assuming we
have the ability to do reward design, there exists a region of
interest which we would like to give high rewards to encourage
the agent to stay inside. Outside of this region, we can simply
set the rewards to be 0. With this in mind, observe that we
need the bound on sup, , f(s,a) because we need the term

SUP(s,a) ga(f(s,a))
sup sup Bl GO ELAL AR
((s,0),0) ((s10),w) ad(1 )
which appears in the proof of Proposition 1 to be bounded
(the analysis is similar for Nystrom features in Proposmon 2)
When we set a = 0, the term g, (f(s,a)) = exp(M)

. . : 202(1—a?)
is simply equal to 1. In this case,

|pw (s, )T 67| < 1w (s, @)1 118 lloo :O(

it is clear that term
. T
Yop(s,a) = ga(fa(;’a)) cos (‘”\/1’:(2;1) + b) is always bounded.

).

Meanwhile, the term [|5] || = [§ Pa(s ) pwp(s)V ™ (s")ds" is
bounded even though p,(s’) = 1 for a = 0, since V™ (s’) =0
outside of a bounded set Sy C S. Thus, even when the state
and action spaces are infinite, so long as we are in the fairly
general scenario where the value function V™ (-) function for
any policy 7 is 0 outside of a bounded set Sy C &, our analysis
should go through without the need for bounding || f(s, a)|| on
the entirety of the state-action space..

Assumptions 2 and 3 are also typically challenging to
verify. Nonetheless, for our proposed features ¢(s,a)
[¥(s,a),r(s,a)], where (s,a) can either denote 1, (s, a)
Or Ynys(s,a), we show that the transition features (s, a) are
linearly independent under very mild conditions, which then
implies that Assumption 2 holds when the reward function
(s, a) does not lie exactly in the span of the transition feature
functions (s, a); this again is a mild condition that is for
instance satisfied for any (locally) quadratic reward function
when random features are used. When this happens, we then
show that the two key conditions (24) and (25) in Assumption
3 holds for all but finitely many discount factors A.

Lemma 7. The random features . ¢(s,a) are linearly inde-
pendent almost surely.

Lemma 8. Consider any feature dimension 0 < m < Nyys.
Suppose the Nystrom Gram matrix K"Nvs) has rank at
least m. Then, the Nystrom features (s, a) are linearly
independent.

Lemma 9. Suppose the features ¢(s,a) are linearly indepen-
dent over the interior of the support of v™ for any policy .
Then, for all but finitely many 0 < A < 1, the two conditions
(24) and (25) in Assumption 3 holds.

Proofs of Lemmas 7,8 and 9 are deferred to our supple-
ment [37].

Throughout the analysis, for notational simplicity it will be
helpful to define the term

Gor 1= sup (ga(f(s,0))) &

We provide a brief outline of our overall proof strategy. First,
in Section IV-A we study the policy evaluation error. To do so,
for any policy 7 encountered during the algorithm, let Q™*
denote the learned Q-value at the end of the policy evaluation
step in Line 9 of Algorithm 1. Then, by the triangle inequality,
the approximation error satisfies

Q™ — 1Q™ — Q" ||y, + Q™

approximation error

—d (26)

_QWk

statistical error

ﬂ—kHVTr HV‘rr )
k k

where Q™ denotes the solution to a projected Bellman
equation where the projection is onto the either the finite-
dimensional random features ((Line 2 in Algorithm 2)) or
Nystrom features (Line 8 in Algorithm 2); we explain this in
greater detail in Section IV-A. Essentially, the approximation
error corresponds to the truncation error incurred by using
finite-dimensional features, while the statistical error is the
error incurred by using finitely many samples to approximate
Q™. Bounding these two sources of errors gives us a total
error for policy evaluation bound in Theorem 1.

Second, in Section IV-B, we study the policy optimization
error of the natural policy gradient in Line 10 of Algorithm



1. We note that the policy optimization error includes a
component inherited from the policy evaluation error. This cul-
minates in Theorem 2, which provides the overall performance
guarantee for the control optimality of SDEC.

A. Error Analysis for Policy Evaluation

Our analysis starts from the error for policy evaluation
(Line 4 to 9 in Algorithm 1). We decompose the error into two
parts, one is the approximation error due to the limitation of
our basis (i.e., finite m in Line 2 and Line 8 of Algorithm 2),
and one is the statistical error due to the finite number of
samples we use (i.e., finite n in Line 4 of Algorithm 1).
For notational simplicity, we omit 7 and use v to denote the
stationary distribution corresponding to 7 in this section.

a) Approximation Error: We first provide the bound on
the approximation error in terms of representing the -
function for arbitrary policy due to using an imperfect
finite-dimensional basis. When restricted to using a finite-
dimensional basis, the best possible Q approximation is the
solution to a projected Bellman equation (cf. [43]), defined as
follows: given any (possibly finite-dimensional) feature map
® = {#(s,a)}(s,a)es5x.4, We define the approximation Qg as
follows

Q3 =I,e(r+ P"QF), 27)
where we recall v is the stationary distribution under 7, the
operator P™ is defined as

(P™h)(s,a) = E(s a/yop(s,a)xnh(s',d). (28)
and 11, ¢ is the projection operator as defined as
I, $Q = argmin E, (Q(s,a) — h(s,a))”. (29)

hespan(P)

Our interest in QF stems from the fact that the least-squares
policy evaluation step in Algorithm 1 (see equation (19))
recovers Qg if the number of samples, n, goes to infinity.
We will address the statistical error from using a finite n later.

We are now ready to introduce our bound for the approxi-
mation error in using finite-dimensional random and Nystrom
features. We begin with the result for random features. To do
so, we first need the following technical result, which is a
restatement of Lemma 1 from [19].

Lemma 10 (cf. Lemma 1 from [19]). Let p be a distribution
on a space S), and consider a mapping ¢(x;w) € R. Suppose

) = [op(w)B(w)o(x;w)dw for some scalar f(w) € R
where sup,, , |B(w)d(z;w)| < C for some C' > 0. Consider
{wi}k _y drawn iid from p, and denote the sample average of

f*as f(x) = £ K | Blwn)é(w;we). Then, for any § >
0, wzth probability at least 1 — & over the random draws of

{Wz i=1r
\// F* )) %(14—\/2105;(1;).

Proposition 1 (Q-Approximation error with random features).
We define the feature map ¢ for random features as follows

UNES {[wrf(sva)vr(saa’)]}(s,a)ESX_Av (30)

where ¢(s,a) is defined in (21) in Algorithm 1. Then, for
any 6 > 0, with probability at least 1 — §, we have that

o -an.l, =0 (=2m)

n(z) <

€29

where || - ||, is the Ly norm defined as || f|, = [ f*dv, and

Qp,, is defined in (27).

Proof. With the contraction property and results from [43], we
have

- 1

oG5, < i 107 - el 62
where II, ¢ . is defined as in (29). By definition II, ¢, is
contractive under || - ||,,. Note that

Q" (s,a) =1(s,a)
T VE (0, 2 1), 6~ U ([0,27]) {%,b(&G)T[Spa(S’)uw(S')V"(S’)dS’} .

With Holder’s inequality, as well as ||uy5(s")|]] = O(1) by
deﬁnition HV’T|| = O((1 — 4)~1), and using the notation

By = [sPals ), b( "YW (s')ds', we have for every (w,b)
that H Z,b’ = O((1 — 4)71). In addition, recalling that
Gwp(s,a) = [Yup(s,a),r(s,a)], we have

[Yw,b(s, @)l | B o

sup  |¢up(s,a)Bopl < sup
((s,a),(w,b)) ((s,a),(w,b))

since the coordinate in §7, corresponding to the reward
coordinate of ¢, ;(s,a) is 0. Since
s, a
sup [up(s,a)] < 2 sup 22U (20D
((s,a),(w,b)) (s,a) @
this implies that
sup

|¢w,b(sva)ﬁg,b‘ =0 (
((s,a),(w,b))

Thus, applying Lemma 10, we have that

ysup, o ga(f(s,a))
”Q _HV‘i‘er H ( (1_ )\/ﬁ )
Substituting (33) into (32) ﬁnlshes the proof.

SUD(s,q) ga(f(s,a))
ad(1—+)

(33)

We see above that with high probability, the approximation
error for random features shrinks at a rate of O (m_l/ 2) as
we increase the number of random features m. We proceed to
show our approximation error result for Nystrom features. An
essential step to proving our approximation error for Nystrom
features is the following proposition, which is a general high-
probability approximation error bound when approximating a
smooth kernel using Nystrom features.

Lemma 11 (Kernel approximation error using Nystrom fea-
tures). Consider the following Mercer decomposition (on S)

= Zaiei(x)ei(a:'),

where {e;}2, forms a countable orthonormal basis for
Lo(pinys) with corresponding eigenvalues {0;}52,. Let
Xmovs = {z;}%° be an i.i.d nyys-point sample from [inys.
In addition, let \y > Mo > ... > /\nnys denote the eigenvalues
of the (unnormalized) Gram matrix K ") in its eigendecom-
position K"»v)U = AU where UTU = UU" = I. Suppose
that o5, \j [/ nnys < exp(—B5Y/") for some B> 0 and h > 0.

~

Suppose that nyys > 3 and that | (2lognnys)"/8"] < m <
Nnys-

(34)

ny<

Consider the rank-m kernel approximation k con-
structed using Nystrom features, defined as follows:
kg:]ynf (37 t) = QOHYS(S)TQPHYS(t)v (35)



where pnys(-) € R™ and is defined as
1

(Pnys)i(+) = ﬁu?ka(Xnnysv')a
where w; denotes the i-th column of U, and k,(X"s ")
denotes a nyys-dimensional vector where (kq(X™v,-)), =
ka(ze,-); for details on deriving (¢nys)i, see Appendix VI-B
in our supplement [37]. Then, Y6 > 0, with probability at
least 1 —

/ \/ ko = ka7 ) (@, ) dpnys (@) = O( : )
Nnys

We defer the proof of Lemma 11 to Appendix VI-C. We
note here that the O(1/n,ys) high probability error decay
rate is a novel result, outperforming the O(1/ /Minys) rate in
[20]. We achieve this improvement by combining Bernstein’s
inequality and results in local Rademacher complexity theory
[45]. Using Lemma 11, we can then demonstrate the following
approximation error for the Nystrom features.

Vie[m],  (36)

(37

Proposition 2 (Q-Approximation error with Nystrom fea-
tures). Suppose all the assumptions in Lemma 11 hold. Sup-
pose also that we pick the sampling distribution [i,,ys such
that pinys(z) = po(x). We define the feature map .,y for the
Nystrom features as follows:

(I)Hys = {[wnys(57a)vT(Saa)]}(s,a)eSX.Aa (38)

where ys(s, a) € R™ is defined in (38) in Algorithm 1. Then,
for any 6 > 0, with probability at least 1 — ¢,

5 V9o 5 V9a
_ | < . Mda ) < _ Jge
Jor - @], < 0 (=) <0 —v)?m) |
where || - ||, is the Ly norm defined as | f||, = [ f2dv, Q3,,.
ga(f(s5:2)
«

is defined in (27), and g, := supy ,

Proof. Similar to the analysis at the start of the proof of
Proposition 1, with the contraction property and results from
[43], we have that
s AT 1 T _ s

o -, < - [0 ],
where H,, 3,y 18 defined as in (29). It remains for us to bound
HQ 11, q;.nys Q" H First, by (35), recalling the definition of
©nys(+) in (36), we have

f(s,a)

7.Mnys / f(87 a‘) _ INT § )
km (5 "1 Z a2> = onys(s')  ¢nys <(1 — a2)> ) (40)
as our Nystrom approximation of k, (s’ £, a)> Since we

have ¢nys(s, a) = ga(f(s,a))Pnys ( 1(7852)) , where )y (-) is
defined as in (22), this motivates us to consider the following

Q-value approximation:
ngs(& a):=7(8, @) + Vhnys (s, a)T (fs Puys (s )V(:d(s )P (s')ds )7
which we note this is a feasible solution to the objective

E, (Qﬂ(s,a) - f(s,a))z,

(39)

arg min
fespan(®nys)
Thus, we have

I 00 (@) = @7, < [|Qye — @7,
Unys(s,a) " <IS Prys(V1 — 0‘25,)‘/“(8/)19&(8/)658)
nys )

ad

=7

— / P(s' | 5,a)V™(s")ds
S v

(7%(];5? a») ( /S wnys(];(_s—’;)> Tsonys(s’)v

"(s")dpa(s")

- [ kot TR (hana ()
< (Vma);qda,sup) o
[ () (1 2)

 Nnys
k’ rnys( /7
T

where ga sup := Sup , g (f(s,a)). By our choice of pinys =
Do (), continuing from (41), we have

e (¢ £3) 2
<ka (J; (s:0) ) Frve (5", ) —ka (s’ )>H
L

(ke — kp™*)(s', ' )dpa(s')

v

Pa(s’)ds'

, (4D

v

T =

)

o(s')ds’

dpa (5/)

v

N

[(s.a) J(s )) (ka—hp*)(s", o')dpa(s')

a2’ 1— a2

v

N

v

Note to move from the second last line to the last line, we used
the fact that k,(-,-) < 1. Using Proposition 11, by utilizing
the decay assumption on the eigenvalues of both the Mercer
expansion and empirical gram matrix, we thus have that for
any 0 > 0, with probability at least 1 — 4,

</S N s’)u(s/)ds') -6 (njy) .

We conclude by combining (41) and the bound on T7. O

Remark 4. Proposition 2 shows that using the Nystrom
method improves the approximation error to O(( nylb)), where
Nnys IS the number of samples we sample to construct the
Gram matrix used to build the Nystrom features. We emphasize
that an important condition for this hold is the assumption
in the above proposmon that the number of features m
satisfy m > M The rate O((ny,%)) is always an
improvement over O(l /m) where m is the number of features,
since by design SDEC chooses m < Nyys. The only assumption
required for this improvement is that the eigenvalues of the
empirical Gram matrix and Mercer expansion satisfy certain
decay assumptions, which is a natural assumption to make in
the kernel literature (cf. Theorem 2 in [46]).

b) Statistical Error: We now provide the bound on the
statistical error due to using a finite number of samples n.
We note that this is a general result that applies to any
features ¢(s,a), inclding both Nystrom and random features,
that satisfies Assumptions 1 to 3.7

Proposition 3. For each policy © encountered in the algo-
rithm, let QF 1 denote the policy given by QF r(s,a) =
#(s,a) T, where wr is defined as in (19), and ® can
either be the reward concatenated with the Nystrom or random
features, i.e. either ®yys or ®ys. Let gy := supy , [|¢(s, a)].
Then, for sufficiently large n, there exists an universal constant
C > 0 independent of m, n, T and (1 —~)~%, such that with
probability at least 1 — §, we have

|8 - G5.r], <7 )]+ Corboste. /0,

(42)

where we recall Qq, is defined as in (27).

7Similar analysis of statistical error of policy evaluation with linear function
approximation also exist in the literature [44], [47].



Proof. We define w which satisfies the condition
W= (IE,, [qﬁ(s, a)¢(s, a)T] ) B
(Eu {¢(S»a) (7“(8, a)+E (s o)~ P(s,a) x 7 {Qﬁ(slaa/)Tﬁ)DD :

and let Q% (s, a) = ¢(s,a) T w. It is straightforward to see that
w is the fixed point of the population (i.e., n — 00) projected
least square update (19). For notational convenience, we drop
the @ in the subscript of II,, ¢. With the update (19), we have
that

(D — i 1),

(43)

<yllo@@ — an)ll, + || (1 - 1) 7

v H (H,,P“ - ﬂyﬁ’f) By

where we use the contractivity under || - ||,.. Telescoping over
t leads to

S _ 1 -
(@il <" 800 — o), +5—— | (1oL )r

v

I

v

+LmaXH(HV —M,p )qmt

1 — v te[n)
With the concentration of the second and third terms as shown
in Appendix VI-D, we conclude the proof. O

Proposition 3 demonstrates that, the statistical error of the
linear parts can be decomposed into two parts. The first part
o]
and shrinks as the number of least square Jpohcy evaluation
iterations 7' increase. The second part Cg“(”f I;())lglzofir\'}w %)
denotes the statistical error due to the finite sample and shrinks
as the number of samples n increases. We can balance the two
parts with 7' = ©(logn) and obtain an estimation error that
shrinks as O(n~'/?) with high probability.
¢) Total Error for Policy Evaluation: Combine the approx-
imation error in Proposition 1 and Proposition 2 and the
statistical error in Proposition 3, we have the following bound
on the error for least square policy evaluation:
Theorem 1. Let T = O(log n). With probability at least 1— 9,
we have that for the random features @,

is due to the fact that we start from wg

~ =63
~ ~ Ja gam
Q" - Qhr|| =0 + !
H L |7 (1=%)2y/m  (1-7)Y3Y2y/n
approx. error stat. error
(44)
and for the Nystrom features
- A = Jo ggn%us//\gn
Q - Q‘bnys,T‘ =0 2 2
v (1=9)?nnys (1 —7)YT2v/n
approx. error stat. error
(45)

Proof. This directly comes from the triangle inequality, i.e.,
|7 - Q% x| <@ -Q3| +|@%-@ax|

The first approximation error term is bound using Proposi-
tion 1 and Proposition 2 for random and Nystrom features
respectively, while the second statistical error term can be
bound using Proposition 3, and applying the result from
Appendix G in our supplement [37] that for random features,
sup, , [¢(s,a)|| = O(gay/m), and that for Nystrom features,

sup, , o(s,a)| = (gw/""ys), where )\, is the m-th

largest eigenvalue of the Gram matrix K ("nvs), O
Theorem 1 provides the estimation error of () with least

square policy evaluation under the || - ||, norm for both the
random and Nystrom features. It can be used to provide an
estimation error of J™ shown in the following corollary. Mean-
while, it also performs as a cornerstone of control optimality
analysis, as we will show in the next section. The bound
also reveals a fundamental tradeoff between the approximation
error and statistical error: for random features, a larger number
m of features will make the finite kernel truncation capable of
approximating the original infinite-dimensional function space
better (cf. the O #m) approximation error term in the RHS
of (44)) but it also requires a larger number of learning samples
n in the policy evaluation step in order to train the weights
well (cf. the 0) statistical error term in the RHS of (44)).
While the statistical error term in Nystrom features remains the
same, the approximation error term here (cf. (45)) improves
to O(1/nnys) < O(1/m) (which holds since the number
of features we pick, m, is always less than n,y which is
the number of samples used to obtain the Nystrom features),
smaller than the O(1/+/m) approximation error term in (44).

B. Error Analysis of Natural Policy Gradient for Control

We now provide the error analysis for policy optimization.
We start with the following "regret lemma" that is adapted
from Lemma 6.2 in [38]. We remark that in the following
proof we assume the action space A is finite for simplicity,
however, the proposed SDEC is applicable for infinite action
space without any modification.

Lemma 12 (cf. Lemma 6.2 in [38]). Let ¢gyp =
sup, , [¢(s,a)|. For a fixed comparison policy &, we have
that

ming< g {VF—-V™} =0 ( = (105}(’4' + nw’“" % ZkK:_Ol errk>) ;
(46)

where erry, is defined as

errg = By g anr()s) [A’”’(s7 a) — li),IT (Qﬁ(s,a) = Egrmmy(s) [0(5, a')])} ,
where A™ (s,a) = Q™ (s,a)—V™(s), and Wy, 1 is as defined
in (19).

Proof. We provide a brief sketch here. Note that ||¢(s,a)||2 =
O(¢sup). Thus, by Remark 6.7 in [38], we know that

log 7(als) is smooth with the smoothness parameter § =
O(¢2,,), with which we have

sup
E,gr [KL(T(-[s)[mg(-|s)) — KL(7(:[s) |41 (-]5))]
7%+1(a\8)}

ety {‘)g i (als)

2 2
S it (o) | (Volowmi(als) T o | = T2 |
2
™ n ﬂ R 2
=NE a7 ami(fs) [A™ (5,0)] = 5= w%H

FIE g7 o) | (Vo logmi(als) T df — A™ (s, )]
- 2 2
=(1—7)n (V” - V”’“) - % ;{HQ — nerry,
where second inequality comes from smoothness condition
and the last step comes from the performance difference
lemma (Lemma 3.2 in [38]). We can then complete the proof
by a telescoping sum, and also use the fact that for sufficiently
large number of learning samples n, the learnt W, ~ W




(where @ is defined in (43)) and that ||@| = O(¢supY5 ")
More details are provided in Appendix VI-E. O

Given an arbitrary policy 7, for K steps of the policy
update step in SDEC (yielding {V™ }X_ ), this lemma bounds
a difference term where the largest of the {V7™}< s is
subtracted from V™. We note that the first term of the bound in
(46) decreases at the rate of O (K '), with the second term in
the bound in (46) coming from the smoothness parameter (see
Appendix VI-E for details) and the third term in the bound in
(46) arising from the estimation error in the policy evaluation
step. We can eventually balance the first and second terms to
select the optimal stepsize 7, while the third term is irreducible
and inherited from the policy evaluation step. Now, we can
provide the performance guarantee for the control optimality
with natural policy gradient.

Theorem 2. Let n = © (T2§;2m_1\/log |.A|)f0r random
features and n = © (T2§;2n;yls>wm/log |A|)f0r Nystrom fea-
tures. With high probability, for the Vgﬁ learnt using random
features ®.¢, we have

E [ming<x {V’T* — Vgt M= “mn
A §im\/log\A| 1 ) d™ (s)m(als) gom®
0 (T TR iy maXsant oGy (aopve T a e )

Meanwhile for the Vg jys learnt using Nystrom features Py,
we have ‘

(48)
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Proof. This is proved by setting m := 7* in Lemma 12,
selecting the appropriate 1 as our choice in the lemma, and
characterizing the term erry as in Appendix VI-F. Finiteness
of the policy distribution ratio is ensured by the coverage
conditions in Assumption 3. O

We emphasize that Theorem 2 characterizes the gap between
optimal policy and the solution provided by SDEC, taking
in account of finite-step in policy optimization (XK), finite-
dimension (m) in the feature space, finite number of samples
used to generate Nystrom features (nnys) and finite-sample (n)
approximation in policy evaluation, respectively, which, to the
best of our knowledge, is established for the first time. As
we can see, for the random features, when m increases, we
can reduce the approximation error, but the optimization and
sample complexity will also increase accordingly. For Nystrom
features, this tradeoff may be better especially since the
approximation term scales as O(1/nyys)), and depending on
the spectrum eigendecay, m may be chosen to be significantly
smaller than n,ys. In either case, we can further balance the
terms for the optimal dimension of features. Finally, we note
that the final bound has a polynomial dependence on g, which
at first glance scales exponentially with c;. However, o can
be picked to be O(1/ cyf) to cancel out this dependence.

V. SIMULATIONS
A. Details of SDEC implementation

In this section, we will empirically implement the SDEC
and compare it with other methods. As we discussed in Re-
mark 2, the advantage of the proposed spectral dynamics em-
bedding is that it is compatible with a wide range of dynamical

programming/reinforcement learning methods, allowing us to
take advantage of the computational tools recently developed
in deep reinforcement learning. Though in SDEC we stick to
a particular type of policy evaluation and policy update for
the purpose of theory development, in our empirical imple-
mentation of SDEC, we combine spectral dynamicsal embed-
ding with Soft Actor-Critic (SAC) [21], a cutting-edge deep
reinforcement learning method that has demonstrated strong
empirical performance. Specifically, we use random features
or Nystrom to parameterize the critic, and use this as the critic
in SAC. In SAC, it is necessary to maintain a parameterized
function Q(s,a) which estimates the soft )-value (which in-
cludes not just the reward but also an entropy term encouraging
exploration). For a given policy m, the soft ()-value satisfies
the relationship Q7 (s¢,a¢) = r(s¢,ar) + VB, ~p[V (St41)],
where V(s;) = Eu,~n[Q(8t,a:) — Slogm(as | s:)]. Based
on the spectral dynamics embedding proposed in our paper,
we parameterize the Q™-function as Q7 (s,a) = r(s,a) +
bo(s,a)TO™ where ¢, (s,a) is our feature approximations.
We use two types of feature approximations, random features
and Nystrom features. The random features are comwposed by
bo(s,a) = [cos(w{ s’ +b1),- -+ ,cos(w,, s’ + br)] , where
s = f(s,a), with {w;}I"; ~ N(0,I;) and {b;} drawn iid
from Unif([0,27]). The #™ € R™ is updated using (mini-
batch) gradient descent for (19). For the Nystrom feature, we
first sample m data sq,...,s,, uniformly in the state space
to construct the corresponding Gram matrix K &€ R™*"™,
Then we do spectral decomposition of K to get orthogonal
eigenvectors U and diagonal matrix A. The Nystrom features
are composed by ¢,,(s,a) = [k(s',81) ..., k(s , sm) ] UA"Y/2,
We then use this @-function for the actor update in SAC.

B. Experimental Setup

We implemented the proposed SDEC algorithm on four
nonlinear control tasks, Pendulum swingup, pendubot balance,
cartpole swingup, and 2D drone hovering. Pendulum and
Cartpole are two classic nonlinear control tasks, the tasks are
swinging up the pendulum to the upright position. Pendubot
is another classic underactuated system where two rods are
linked together with an un-acturated joint [48]. The task is to
balance the two rods in the upright position. The 2D drone
task simplifies drones to a 2D plane with two motors. The
task is hovering the drone at a fixed position.

C. Performance versus other nonlinear controllers

We compare SDEC with iterative LQR (iLQR) [6] and
Koopman-based control [14], Energy-based control [49], [50],
and soft actor-critic (SAC) [21]. We note that iLQR, the
energy-based controller and SDEC all make use of the knowl-
edge of the environment dynamics. DKUC and SAC do
not make use of the environment dynamics. The first two
are well-known alternatives for nonlinear control, and the
energy-based control is a Lyapunov-based method to design
stabilizing controllers. For iLQR, we used the implementation
in [51], where we added a log barrier function to account
for the actuator constraint. Meanwhile, for the Koopman-
based control, we adapted an implementation called Deep
KoopmanU with Control (DKUC) proposed in the paper [52],



where we combine the dynamics learned from DKUC with
MPC to enforce the input constraint. We modified the energy-
based swing-up controller from [50]. For SDEC and DKUC,
we trained using 4 different random seeds, and both algorithms
have access to the same amount of environment interaction.
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Fig. 4. 5 trajectories of 2D quadrotor controlled by SDEC and SAC.

The performance of the various algorithms in both the noise-
less and noisy setting (with ¢ = 1) can be found in Table I.
The mean and standard deviation (in brackets) over 4 random
seeds are shown. The number of random and Nystrom features
used is 512 for pendulum, 4096 for pendubot and 2D Drones
and 8192 for Cartpole. We observe that the SDEC strongly
outperforms other nonlinear controllers in the noisy setting
(higher reward is better; in this case the negative sign is due
to the rewards representing negative cost). For the noiseless
setting, SDEC are comparable to the best nonlinear baseline
controllers. For comparison with SAC, we observe different

results depending on whether the system is fully actuated.
For the pendulum and 2D drones where the systems are fully
actuated, we observe significant advantages of the proposed
SDEC over baselines, especially in noisy environments. For
the Cartpole and pendubot that are underacutated, the proposed
SDEC can still outperform other nonlinear control baselines
but achieve comparable performance with SAC. We further
plot the performance of SDEC during the course of its learning
in Figure 1 and 2. The evaluation is performed every 25
learning episodes on a fresh evaluation set of 100 episodes,
and the y-axis represents the average episodic reward on the
evaluation set. The shaded regions represent a 1 standard
deviation confidence interval (across 4 random seeds). Figure 1
compares performance with different features and noise levels.
In both the noiseless and noisy settings, the performance of
SDEC continuously improves until it saturated after a few
episodes. Figure 2 shows the evaluation performance on the
pendulum swingup task during training with noisier envi-
ronments. The performance still continuously improves and
then saturates. Performance with different finite approximation
dimensions are compared in Figure 5. As dimension increases,
the performance improves. Nystrom features are constantly
better than random features and benefit more from dimension
increase, which aligns with our theoretical results.
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Fig. 5. Performance after training with different feature dimensions on
noisy 2D drones with random and Nystrém features.

D. Robustness and Stability

To evaluate the robustness of the proposed algorithm, We
show the performance under different noise levels in Figure
2. We can see that both two SDEC algorithms show good
robustness against increasing noise levels, while SAC has
significantly worse performance as the noise level increases.
As for all the nonlinear control baselines, they are not able to
obtain good performance with noise dynamics. We can study
stability using the results in Table I. The reward functions are
designed as the squared error with respect to the equilibrium
state. We see the proposed SDEC shows good stability, es-
pecially with noise. We also show 5 trajectories of noisy 2D
drones controlled by SDEC and SAC in Figure 4. The goal
is to stabilize the drone at the initial position [0.0,0.5,0.0].
The initial state is the origin and the noise level is o = 1.0.
The six plots show six drone states including the 2D position
and the roll angle [z,z,6], and their time derivatives. The
trajectories show that SDEC can stabilize the drone even with
the presence of noise. However, with SAC, the drones quickly

become unstable and flip over due to the noise.
VI. CONCLUSION

There has been a long-standing gap between the theoret-
ical understanding and empirical success of the kernelized



TABLE |
PERFORMANCE COMPARISON. BOLD NUMBERS ARE THE BEST AVERAGE PERFORMANCE OVER ALL ALGORITHMS.

Pendulum Pendulum Pendubot Pendubot 2D Drones 2D Drones Cartpole Cartpole
(Noisy) (Noisy) (Noisy) (Noisy)

SDEC(RF) -279.0£175 -240£173 -0.793£0.190  -3.8831+0.283  -5.074+£2.023  -7.4234+2.549  -212+£116 -211493
SDEC(Nystrom) -245.0+174 -225+156 -2.635+1.072  -3.880+£1.192  -2.3154+0.323  -4.424+0.924 -216+118 -207+90
iLQR -1084+544 -1191+415 -429.6+113.8  -13394605 -0.973+0.841  753.7£119.7 -430+87.3 -705+59
DKUC -1090+436 -10214546 -446.0+£54.2 -330.8+£140.1  -750.84427.7  -867.0£94.9 -486+189 -7744309
Energy-based -895.8+128 -1604£288 -0.797+£0.588  -16.63+5.62 -322.9+14.6 -339.8+35.3 -779+247 -694+91
SAC -250+173 -261£179 -0.2954+0.132  -0.751+£0.458  -10.87+12.15 -20.06£14.82  -206+100 -2141+96

linearization control with spectral dynamics embedding, i.e.,

the

error induced by finite-dimensional approximation has

not be clearly analyzed. In this work, we close this gap by
studying the policy evaluation and optimization error for finite-
dimensional random and Nystrom features, theoretically vali-
dating the practical usage of SDEC. Along the way, we have
also developed new analysis tools and results that may be of
independent interest, e.g. the novel O(1/nyys) high-probability
convergence rate for Nystrom kernel approximation.
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APPENDIX

A. Random Feature for Exponential Family Transition

With the transition operator in (23), we have
P(s'|s,a) = exp (A (s,a)) exp (f (s,a)" ¢ (8’)) n(s")

=exp (A (s,a)) exp <||f(5:2“)||2>
h(s,a)
. exp <_ IIf (s,) - C(s/)|2> o <”< (;/)||2> "
9(s")

=E, [<h (Sv a) Yo (f(57 a)) )y Hw (Sl) g(s')>] >
where 5 (f(s,a)) = cos(w' f(s,a)+b) and p,p, =
cos (w' ¢ (s") +b) with w~N (0,I) and b ~ U ([0, 27]).

B. Nystrém features

We refer to Appendix VI-B in our supplement [37] for a
more detailed derivation and justification of Nystrom features.
For simplicity, in the sections relating to the Nystrom method,
let n := n,ys denote the number of samples used to learn the

Nystrom features. In brief, for any m < n, we approximate
kq by the rank-m approximation kj; ,,,, where

k2 (2,) = ka(z, X™) <§; ;uuT> ka(X™ x),  (49)
and X" is n i.i.d samples drawn from py. This is the Nys-
trom kernel approximation that we will consider in the paper.
Since it can be shown that k7, ,, (7,y) = Onys(®) T onys (Y)s

where
1

A
we may view @nys(-) € R™ as the (rank-m) Nystrom features
associated with the Nystrom kernel approximation.

(¢nys)i() = u] ka(X™,"), Vie [m], (50)

C. Detailed Proof for Proposition 11 (Kernel
approximation error of Nystrém features)

By Lemma 3, in the RKHS corresponding to k,, which we
denote as Hy,,, given any z,y € S, (ka(, "), ka (Y, ) #,., =
ko(z,y). Let ¢(-) € R™ be as defined in (50). Note that
for each i € [m], we can view (¢uys)i(-) as an element in
Hi,, . This and several other useful properties of the features
{(¢nys)i(-)}i2; is shown in this next result (cf. [20]).

Lemma 13. Let (¢nys)i(-) i= \/%\jujka(X", \) for each i €
[m]. Then, the following statements hold.

1) The set {(nys)i(-)}iv, is orthonormal in Hy,,.

2) Define an orthogonal projection map P:X i Hi, — Hi,

m

onto the span of {(¢nys)i(-)}._, , such that

m

P (h()) = 3 (h(-), (#nys)i (e, (Pnys)i()-

=1
Then, PX"ko(x,-) = I%Z’m(;m -) for every x € S. Thus,
Sor every (x,y) € S, recalling the definition of l%&m in
(49), we have
ki () =(ka (@, ), k3 o (5 0)) 2y,
=P ka(z,), PX " kaly, )2,
3) Let Pﬁfz denote the orthogonal projection onto the
complement of {(pnys)i(-)}ixq in Hy,. Then,

1Py, L ko (@, ) 3y, =/ (ke = kE ) (2, @)

We defer the proof to our supplement [37], and note that
the lemma follows from results in [20]. We next bound
the approximation error of the Nystrom method, i.e. find a

bound for [ \/(ka — k2, (x,z)du(x). which by (51) is

equal to [ [|PX" ko (2, )|l7, dp(x). To do so, we need a
few preliminary results. We first introduce some additional

notation. For any distance d and class of functions F, we
define

N(e, F,d) := énelré\GL G:={G:VfeF,IgeGstd(f g) <e},

(5D

and |G| denotes the cardinality of the set G. In addition, for
any function f € Ly(u), we denote u(f) = [ f(x)du(x),
and pix-(f) = L5, f(z:). Given any f,g € La(n),

we also define dy,,(,.,..)(f,9) =/ S0, (F(w:) — g(w:))2
The first result below, which utillizies local Rademacher
complexity [45], is based on Corollary 3.7 in [45], but applies
to classes of real-valued function (as oppposed to binary
functions as stated in Corollary 3.7 in [45]).

Lemma 14. Let F be a class of [0, 1]-valued functions such
that for any € > 0

log N(&, F,dpy(pyn)) < Slog(l+4/e).

Then, there exists a constant ¢ > 0 such that for any § > 0
and any C' > 0, with probability at least 1 — 4, for any f € F,

() < CC P —— (Slog(n/S) n log(l/é)) .
-1 n n
Proof. The result follows naturally by using the log covering
number bound in the proof of Corollary 3.7 in [45]. O

We note that local Rademacher complexity is critical
in deriving the O(1/n) convergence rate above. Standard
Rademacher complexity bounds [40] can only ensure a
O(1/+/n) convergence rate, which is strictly worse. The next
result we need is this lemma, which builds on Lemma 14.

Lemma 15. Suppose 11, is an arbitrary deterministic r-
dimensional orthogonal projection in Hy,,. Then, there exists



a constant ¢ > 0 such that for any constant C' > 1 and
orthogonal projection P in Hy  possibly depending on X",
we have that for any 6 > 0 , with probability at least 1 — 0,

u([[PTrka (2, ) [l2,,, ) < o THxn (1Prka (2, )lia,, )

+eC (7"2 max{log(n/r?),1} n 10g(1/5)) .

n n

Proof. First, given any orthogonal projection P in Hy,, let
§uz}le 1 denote an orthonormal basis for PHy, , and let P,

enotes the orthogonal projection onto its complement. In
addition, let {61, ..., e} denote a basis for I, H_ . We note
that for any projection P in Hy,_, stralghtforward calculations
show that (see details in online report)

I PTrka(@, )l = v(@) " Apm,v(@),

where v(z) = (e1(z),e2(x),...,e-(x)) € R", and Apyy, €
R"*" is a r by r dimensional positive semidefinite matrix
where (Apir, )es = (Peg, Peg)yy,,, . We can similarly define
a r x r positive semidefinite matrix Ap 1, € R"™" where

(APLII,,V)E,S = <PJ_€[7PJ_65>H,€Q. Since
(Apa)es + (Ap, 11, )es = (Peg, Pes),,  + (Pree, PLes)y,, = (eq,es)n,,
it follows that Ap 7, < I,«,, and hence can be decomposed as
Apn, = UTU for some matrix U € R™" such that ||U]|s <

1. Thus, we can reexpress ||PIL, Hg, |7, as

[P ko (2, )l = Uv(2)]2
Since this holds for any random orthogonal projection P,
the class of functions PII,.k,(x,-) is a subset of the class of
functions Fyy := {fu(x) = ||[Uv(z)|2 : U € R"™"}. We next
seek to find a covering number bound for the class Fy. We
note that straightforward calculations show that if we have an
€/\/2 covering set U of U := {U : U € R™" |U||]2 < 1}
under the distance || - ||2, then we have an e-covering F, of Fy;
under the distance dr,, ... Thus, since log N'(e/v/2,U, || -
ll2) < 7?log(1 + 4/€) (as U is the unit ball of R"” under
the spectral norm; see Example 5.8 in [53]), it follows that
log N (€, Fu, dpy(uyn)) < r?log(1 + 4/€) as well. Our result
then follows by applying Lemma 14. O

= 00,5,

We note Lemma 15 is a new result, and it is key to obtaining
the fast rate of O ( nyg) for Nystrom kernel approximation in
Lemma 11. Now we prove Lemma 11.

Proof of Lemma 11. Recall that for any function f €
Ly(p), we denote pu(f) = [s f( ), and pxn(f) =
LS | f(x;). Observe that by (51) we have

(ko = k2 ) (@, @) = 1Py ka (2, ) 3¢y, -
Thus it suffices for us to bound u(IPX" ko, Yo, ) =
S IPX" ko, ) 2, dp(z). We follow the idea in the proof

of Proposition 9 in [20], and use the observation that for any
C >0and f, f_ € Lo(u) where f_ < f pointwise, we have

w(f) — Cuxn(f)
= (u(f) = u(f=)) + (u(f=) = Cuxn (=) + Cluxn (f=) — pxn(f))
< (u(f) = p(f-) + (u(f-) = Cuxn(f-)), (52)

where we used the fact that f_ < f pointwise to derive the
inequality above. Now, consider setting

f@) =P ka(e, Mg, »

f(z) = 1Py Mok, My, —IPX I, 1 ko (a, M, »
where II, denotes the orthogonal projection onto
{61,62, ...,er} C Hp,, which are the first » eigenfunctions

in the Mercer expansion of k.(z,-) (so each e; satisfies
lleill#,, = 1), and II, | is the orthogonal projection onto
the complement of {el, ...yep}p in Hy, . We first note that

f-(z) < f(x) holds pointwise by the triangle inequality.
Continuing from (52), picking C' = 2, we have via appropriate
decompositions (see supplement [37] for details)

u(| P ko 21xn (1P ko (@, ) s, )
<2 (IPX"L T, ko, )iy, )

[ad m‘l rRal\Ts )y, Hxn L Hrka Hig,
(1P Tk (2, ey, )~ 20 (1P Tk G, )l

+2pxn (1P T ko (@, ), ) (53)
From (53), we see that we need to bound three terms. The

e, ) —

first term we need to bound is 2(||PX" I, 1 ka(z, )|, )-
By nonexpansiveness of PX",,
2u(|| Py Ty ko (2, ) 134, ) < 26T 1 a (2,) 134y,
< 2\/u M, ka(e, I, ) =2 [> ej@?=2 > 0j. (4
j>r j>r

Next we bound
(ki Xmm( ~>unka>f2uxn(Hsz,Lmka(a:,~>||H,m>).

To do so, we a Lemma 15 (by picking C' = 2 in that
proposmon) shows that there exists ¢ > 0 such that
for any 6 > 0 W1th probability at least 1 — 9,

(601 P T, e, ) = 2 (1P LTk (e, )l )

2 2
<e (r max{log(n/r?),1} n 10g(1/5)) ' 55)
n n

Finally, to bound pixn ([P’ 1, ka(z, )5, ). we
use Bernstein’s inequality [53]. It suffices to bound
pxn (T, Lka (@, ), since [Py I ka2, ), <
ML, L ko (2, -)||2,, - Next, observe that

Var(||Tr, 1 ka (2, sy, ) < i (I, 1 ka(e, )3y, ) = D o5

j>r

Then, since 0 < \/(ka — k%) (z,2) < /ka(z, ) < 1for any

r € X, by Bernstein’s inequallty, there exists a constant ¢ > 0
such that for any § > 0, with probability at least 1 — 4,

xn (1ML k(@ Ylage,) = 1L, ko (@, e,,)
< clog(1/9) (y/Var(IlL, Lka (2, o, )/ Vi +1/n)

D oj/Vn+ 1/n)

Jj>r

< clog(1/6) (

Since pi(|[Ir, Lka (@, )[4, ) <
(54)), we thus have (with probability at least 1 — §),
pxcn (1, 1 ka (2, Yo, )

> j> 0; (this follows from

ZC’J/\F+1/”)

j>r

w1 ko (2, ) Hlpg,,, ) + clog(1/6) (
D oj/Vn+ 1/n) : (56)

<[> o5 +clog(1/) (
Jj>r Jj>r

Thus, by plugging (54), (55) and (56) into (53), we find that
w1 ko (@, Iy, ) — 20xn (1P k(2 l¢y,)

< clog(1/6) ( /Z o) + r max{loi(n/r )s 1]’) ) 7)
j>r

By picking > [(2logn)" /3" | and the argument in Remark
1 in [20], using the decay assumption on {o;}, we have that

2 2 2h+1
\/5_}_ r max{loi(n/r ), 1} —0 ((lognrz ) (58)
j>r

Thus, to bound u(||P7f1ka(x

s )#, )s all it remains is to



bound Qan(HPmX"lk (w,)||#4,, - To this end, observe that

1 n
pxn (1P ka(a *Z

1 & -
g 72 (k?oc_kg' xzyxz - - ZAlz
"= " ism

where the first inequality follows from Jensen’s, and the sec-
ond follows from Lemma 2 in [20]. The result then follows by
plugging in (58) and (59) into (57), and using the assumption
that m > [(2logn)" /3" | as well as the argument in Remark 1
in [20], which by the decay assumption on the empirical eigen-
values gives us /> ., n 1A =0 (nfl(log n)h/2) . O
Remark 5. Our result significantly strengthens the high-
probability result in Corollary 1 of [20], since we attain an

O(1/n) high-probability rate rather than their O(1/+/n) rate.
Remark 6. We note that by Theorem 2 in [46 ] both the

(normalized) empirical and Mercer eigenvalues ( Aj and o
respectively) satisfy

Ai/n < O exp(— Cil/d), o; <C’ exp(—C’il/d)
for some measure-independent constants C,C' > 0, where d is
the dimension of S. This justifies our assumption on eigenvalue
decay in the statement of Lemma 11. To model more situations
where the decay exponent may be better than expected, we use
a general spectral decay exponent h rather than d.

a m (LUZ, 1‘1)

3

(59)

D. Detailed Proof for Proposition 3

For notational ease, we define & as the concatenation of
¢(s,a) over all (s,a) € S x A, and define the operator P™ as

(PTf)(s,a) = E(s/ aryupP(s,a)x (85 a").
We additionally define w which satisfies the condition
b = (B, [o(s,0)6(5,0)7])
(B [9(s,a) (r(s:0) +1E(wr )P (s,0)cr [95',0) 5] )]).

and let Q(s,a) = ¢(s,a) w. It is straightforward to see that
w is the fixed point of the population (i.e., n — 00) projected
least square update (19). Furthermore, note that

W= (Eu [(Iﬁ(saa) (8(s,a) = YE(s’ .y P(s,0) x (S’ 7‘1'))T]>
E. [¢(s,a)r(s,a)].

-1

With this characterization, letting Gsup = supg, (s, a)l,
we have [|@[| = O (¢supY5 ). We define the operator D, as
||f||2 (£, Duf), (60)

and we omit the subscript when v is the Lebesgue measure,

and we also use I, and P™ to define the empirical counterpart
of IT, and PT™. With the update (19), we have that
Py =11, (r + yP™®iy), ®w = I, (r +yPTPw),
which leads to
B (b — wyy1) =(I, — IL)r + y(I1, P™)S (@ — )
+~(, P™ — 11, P™) &b
With the triangle inequality, we have that

@@ — 1), <y 19 — ), + | (T — L) 7

r H (HVP” - ﬁuﬁ") oy
where we use the contractivity under || - ||,.. Telescoping over
t leads to

1 .
~ N T ~ N
@~ r)l, <" 8@ = wo)l, +—— || (T )

v

+ 7 max H (1'[,,P7r - ﬁuls”) ‘I”Li)t
1 — v te[T]

Note that ||¢(s,a)|| = O(¢sup), and ||| = O( (bbup
We follow the proof of Theorem 5.1 from [44] to bound2 the

second term and the third term. In particular, as the subsequent
analysis makes clear, the third term dominates the second
term, so we focus on boundlng the third term. For notational
51mphclty, we denote w := w, in this section. Note that

H (H PT_1l, 15”) 1/2 (n P — ﬁyﬁﬂ) <I>wH

<ot (o o] o3 (1) oo
For the ﬁrst term, as II, can be written as II, =
<I>(<I>TD <I>) ®D,, we have

HD1/2HV (P’T - P") <I>wH
<||pi/e| H<<I>TD,,¢>)71

-0 (¢Supr;1 y (P" - 15“) <1>H ||wH> .
For the second term, we have
HD1/2 (Hl, - ﬁy) P“@wH

— HDW@ ((@TDucb) “op,— (@Tf),,cbyl <1>Dy> P“cwa

70, (07 7)o

< HDW@ (@TD@)*I ® (Dl, - ij) P”cwa

+ HDW@ ((@TD@)_I -
For the former term, we have that
DL?® (CDTDVCD)71 ® (DV - Dy) P”cwa

(qﬁb,,@)_l) @DyﬁwwH.

—1 ~ N
< HD},/Q‘I)H H(@TDVCI>> - DV)P"qu

=0 (qssupr;l ch(D - Dy)ﬁ”q:H Hw||) .
For the latter term, note that
(<I>TDU<I>)_1—(<I>T15V<I>)_1:(<1>TDU<I>)‘1 (<1>T <ﬁl,—Dl,) q>) @7 D, .
Hence, we have
HD,E/% <(<1>TD1,<1>)71 - (@TD,@)A) @DyﬁwwH

P —1
—0 (4,17 )"l
Now we bound the remaining terms H(I)TD pPT— P”)

H@ (D, — D )P’”I)‘ and Hctﬁ (D —D,) ®| with standard
operator concentration inequalities. We start with the term
H@T (D - D ) <I>H With the matrix Azuma inequality [54],

we have that A
o7 (0. 0.)e]

H@T (Dy 7D1, cpH H <1>T[)V<1>

=0 (¢2pn172).
(@Tﬁyé)

). Furthermore, as P™ is a stochastic operator, we also

-1

Hence, for sufficient large n, we have that

(17!
have

H(I’(D,, - DV)P%H =0 (¢>Supn—1/2) .

Now we turn to the term HtIDTD,, (PTr - ]5”) <I>H Note that

Htl)TD,, (P“—P") <1>H < H<1>(DV—DU)P"<1>H+H<I> (f),,P"—DVP"> <1>H .

We already have the bound for the first term. For the second

term, we still apply the matrix Azuma’s inequality and obtain
ch (ijfﬂ - DDP“) <1>H -0 (¢§upn—1/2) .

Thus for large enough n, we have ||w]| = ||| = O(]|w])).

Combining the previous results completes the proof. O

E. Detailed Proof for Lemma 12
Note that [|¢(s,a)]|2 = O(¢sup) and [[@]la = O(¢deup T3 ).
By Remark 6.7 in [38], we know that 1og7r(a| ) is smooth

with the smoothness parameter 3 = O(¢2,,). As a result, we



have that where we recall that U € R™nvs*"nus ig the U that appears in
log Th+1(als) n (Vo logmy(als)) T n the eigendecomposition of the empirical Nystrom Gram matrix
7 (als) 2 Kws) = UAUT.

With this inequality, we have
Eyar [KL(F(8)I7x(-]5)) — KL(F(|8) |7E41(-[5))]
7"k+1(a|5)}

i (als)

For random features, it is not hard to see that ||1,.¢ (s, a)|| =
O(y/mga), since each random feature takes the form of a
randomly shifted cosine w, which in our paper is upper

bounded by the expression g .
For Nystrom features, we note that since 0 <
and U is an orthonormal matrix, we see that
I$nys (s, a)ll?

:Eswdﬁ' ,arv(+]s) |:10g

koé('? ) <1

koo, (s, a)) D
ke @npye. £(s0a))

2
T . B | . 2
2NE % ami(]s) [(Ve log 7k, (als)) wk,T] -5 ||, 75

n’B

:nEswdﬁ',awﬁ(-\s) [Aﬂk (37 a)}

<32 ([kam,f(s. a)) ka(@nnys Fsa)] | U A tul,,

+ B af ami(]s) [(Ve log 7 (als)) " b, — A™* (s, a)]

2 1 ka(z1, (5, a))
~ n°B 2 52 oo (21, (s, a va(@n, 2 (s a)] T UL U T,

:(1 - 7)"7 (‘/7r - Vﬂ’k) - 2 — nerrg, S a Am (“ (1 » Fo s n ))} Yiim Ui im |:k0¢(1n”y5=f(5‘(l)):|>
where in the last step we use the performance difference ® 1 ko (o1, f(s,a)) 7|
lemma (Lemma 3.2 in [38]). Telescoping over k gives S 3 7\ ke @nnye s 750 a))

K—1 1

> {v- Vﬁk}< srd? [KL(1£| s)[Imo("]s)))] < mnys 133
k 0 denotes the first m columns of U,

n%p = 2 1 K=l
+ Z ||UA1k,T||2 + — Z erry.
2 k=0 l—-v k=0
Note that KL(7(Js)lmo(1s) < log|4] and izl =
O (|o]]) = O(¢supY3 '), we finish the proof. O

F. Detailed Proof for Theorem 2

With Lemma 12 and our choice of 7, we only need to bound
the term err;. We observe that

ety =B un 0 a(le) [A”Tk (s.a) —@p " (¢(s, a) —
Note that
]Ed'?‘,awfr(»\s) |:A7rk (S, CL) - ﬁ)k,TT (d)(sv ll) -

:]Esr\ad"? ,a~vit(-|s) [QWk (57 a) - QATTUC (57 a‘)]
—Eod ammy(-]s) [Q” (s,a) — Qr™* (s, a)]

~ 2
g\/]Eswd’?,ax\ﬂ"r(' [s) [(ka (s,a) = Qr7r (s, a)) ]

Bat ey (o) [#6 0] )]

]Ea’wﬂk(s) [d)(s’ a/)])]

~ 2
+ Eswd‘ﬁ,ar\zﬂ-k(ws) |:<CQ7”C (S,[l) - QTW}C (87(1)) i|
Plugging in 7* as 7, combining the results in the previous
subsection, we have concluded the proof. O

G. Bounding the norms of 1,¢(s,a) and 1nys(s, a)

We have the following lemma which bounds the norm of
[9r (s, @)l and [|¢hnys(s, a)l.

Lemma 16. The random features and Nystrom features con-
structed in Algorithm 2 satisfy the bounds

1925 (5, 0) || < VMg

n 52

[Pnys(s,a)]| < A%g@
m

respectively, where \,, denotes the m-th largest eigenvalue of
K("nyS)'

Proof. Recall that

W cos(w; f(s,a) + b))},

(e T2 s

ol 3™ b,

brg(s,a) == {22

Unys(s, a) =

where we note that U. .,,
A,,, denoted the top m by m block of A,and we used the fact
that the columns of U are independent to derive (a). Thus,
for the Nystrom features, we have the bound ||1,,,s(s, a)|| <

NnysG2
Ve O

H. Proofs on Lemmas 7, 8,9

Lemma 17 (Restatement of Lemma 7). The random features
Urr(s,a) are linearly independent almost surely, ie the
probability of randomly drawing {w;,b;}7, ~ N (0, 25 14) x
U([0,2m]) is 0.

7,72

Proof. Without loss of generality, we consider the case
that « = 0, such that the random features take the
form 1, ¢(s,a) = {cos(w, f(s,a) + b;)}™,, where w; ~
N(0,07214) and b; ~ Unif([0,27]), i.e. the random features
are randomly shifted cosines; we note that the general case
when o > 0 can be easily reduced to this case since the factor
9a(f(s,a))/a? shared by all the features is strictly positive.
Suppose the random features are not linearly independent over
the space f(S x A). Then there exist scalars {a;} ,, not all
of which are 0, such that

= Zai cos(w;  + b;) = 0,
i=1
Pick some ¥ in the interior of f(S x A), and denote y; :=
cos(w;  2°+4b;); the fact that 2 lies in the interior of f(S x.A)
means that all derivatives of S(x) vanish at x = 2°. Now, for
any natural number n. < m—1, differentiate S () with respect
to the first coordinate x; at the point 2%, giving us

Vo € £(S x A).

i=1
This then yields the following relation
(w1)? (wm)? “
Va =0, whereV := . : ,a=

, m—1 ; m—1 am,
(@)™ o ((wm))
We note that since V' € R™*™ is a Vandermonde matrix, its
determinant is non-zero so long as the (w;)1’s are all distinct,

which happens with probability 1 if the w;’s are drawn iid



from a Gaussian distribution. This implies then that the scalars
{a;}"; must all be 0, which is a contradiction. Thus, the
random features must be linearly independent over the space

(S x A). O

Lemma 18 (Restatement of Lemma 8). Consider any feature
dimension 0 < m < nyys. Suppose the Nystrom Gram matrix
K™~vs) has rank at least m. Then, the Nystrom features
Unys(8,a) are linearly independent.

Proof. Without loss of generality, for simplicity we con-
sider the case when o« = 0, in which case the Nystrom
features are constructed as follows. First, let m denote the
feature dimension, and let n,,s > m denote the number of
random samples {x1,...,2,,, } drawn from S following
the distribution 1. Recall that the (n,,s by n,y,s) Gram

matrix K is constructed as follows: K;; = k(z;,z;) =
exp (— 7“?6’751 ”) . Compute the eigendecomposition KU =
AU, where UU" = U'U = I, and A denoting a diagonal

matrix with eigenvalues \; > ... > )\nnys > 0. Suppose that
m-th largest eigenvalue A, > 0. Then, for any (s,a) pair,the
m Nystrom feature functions are given as

(wnys)z(s a \/— szUfz 1’47 (S a))

Note that by constructlon, the m eigenvectors U. ; are linearly
independent (so long as \,,, > 0). Suppose that the m Nystrom
feature functions are not linearly independent. That implies
then that there exists m scalars {a;}]2; C R (at least some
of which are nonzero) such that for any (s,a),

i€ [m].

Zai(w.ys)z‘(s’a) =0
i=1
— ial-( fUh k(xe, f sa)))zO
i=1
= fku, (s,a) <§:az< ngb>>:O.

Note that since k(-,-) > 0, the above derivation implies that
we must have for every £ € [n,ys]:
Nnys

iai< ZU“> =0

— U:7;m,A,,L1/2a =0,

where U..,, € R"ws*™ denotes the first m columns of
U, A,, denotes the top m by m block of A, and a :=
vec(ay,...,an) € R™. Since the columns in U are linearly
independent by design, and A,, > 0 (by our assumption that
A > 0), it follows that the vector ¢ € R™ has to be 0, which
contradicts the assumption that the m Nystrom features are
linearly dependent. Thus, whenever \,, > 0, it follows that
the Nystrom features are linearly independent.

O

Lemma 19 (Restatement of Lemma 9). Suppose the features
o(s,a) are linearly independent over the interior of the set
supp(v™) for any policy 7. Then, for all but finitely many
0 < X\ < 1, Assumption 3 holds.

Proof. Fix some policy 7. Suppose that the matrix
E,~ [w(s,a)qp(s,a)T] (which must be positive-semidefinite)
is not positive definite. Then, there exists some 0 # v € R™
such that

v By [0 (s, a)(s, a)T]v = 0.
In particular, this implies that vT+(s,a) = 0 for any
(s,a) € int(supp(v™)). However, by linear independence of
the features {1);(s,a)}™, over int(supp(v™)), it follows that
v must be 0. This forms a contradiction, and thus the matrix
Ey=[1(s,a)1(s,a) "] must be positive definite.
Next, we show that

Oumin (Eur [(5,0) (¥(5,0) = 1B [(s', @)]) 1) > 0
for all but finitely many 0 < A < 1. Denote the matrix
M(A) := By [10(s, a) (5, @) — YE,= [15(s',a/)]) | ]. Observe
that the determinant of M () is a polynomial in A with degree
at most m. Since M(0) # 0 (as we just showed that the
matrix E,~ [ (s,a)(s,a)"] is positive definite), it follows
that det(M () is not the zero polynomial. Thus, it can have
at most m roots, which shows that for all but finitely many
A, M () must be invertible, i.e. its smallest singular value is
bounded away from O. O

I. Necessity of local Rademacher complexity

A natural approach to bounding the approximation error
without using local Rademacher complexity is as follows. For
any function f € Lgu), let pix»(f) = L3 | f(x;), where
each x; denotes the i-th sample from X", drawn iid according
to the distribution p. The key is that by construction of the

Nystrom features,
1 — N
- k — k3 ) (@i,
2 2oV h = ) (o)

(| Px k(e
1 n

n Z(k —kn )(z,,z,)

[1

where the \;’s denote the eigenvalues of the empirical Gram
matrix K € R™*", where K, ; = k(x;,z;). By appropriate
assumptions on the decay speed of the empirical eigenvalues,
this term can be shown to be of the order O(1/n) for
m sufficiently large. Hence, if the true approximation error

|| Pk,

~—
~—

Hxn

/N

-)||) concentrates around the empirical approx-
‘ " k(x, )H) also at a rate of O(1/n),

we will get an overall convergence speed of O(1/n).

imation error /,LXn

However, assuming for simplicity that ‘ Pn)flk(x, || be-
longs to a function class F, the catch is that standard
Rademacher complexity arguments [53] can only show that

|| Pk, ) ) = e (| P, )|

< O(Rad(F)) + O( @),

with probability at least 1 — O(d). Note that there is a term
O(1/+/n) is strictly worse than the O(1/n) rate we hope to




achieve.

However, by leveraging local Rademacher complexity re-
sults, it is possible to show for any function class F with
appropriately bounded covering number (see Lemma 11 in
our original submission for the detailed conditions), for any
f € F, with probability at least 1 — §, we can show that

H(F) < Ol (1) + OB/

where the O hides dependencies on terms related to the size of
the covering number of F. Note that this improves the scaling
with n from 1/4/n in the generic bound to 1/n.

If HPTika(m, )‘ belonged to a function class F that
satisfied appropriate bounded conditions on its covering num-
ber, then this argument above based on local Rademacher
complexity sufficies for us to improve the approximation error
bound to depend on 1/n rather than on 1/+/n as in the generic

bound. However, jf"lk(x, ) H may not belong to a function
class F that satisfies the regularity conditions in Lemma 11, so
we cannot directly apply this result. Nonetheless, via a careful
analysis, we are able to eventually rearrange the error bound
such that it can be written as

w| Pkt )
< (|Prunbaea, )-
ko

o, (|2
ko

where remainder terms can be shown to scale as the
decay rate of either the eigenvalues of the Mercer
expansion or Gram matrix plus a O(1/n) term that
comes from application of a Bernstein inequality,

) + remainder terms,

leaving a key term /A(HP,fﬁ_Hrka(l‘a')HH ) -

ko

2ux,, <HPmlHk H > Using the fact that

HPX” I ko ( )H can be shown to be part of a function
class with bounded covering number, we can then apply the
local Rademacher complexity result in Lemma 11 to bound

this term such that it is also of the form O(1/n), leaving an
overall rate of O(1/n).
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